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Abstract

An edge irregular total k-labeling f : V u E --; l1 ,2,3,...,k| of a graph

G = (V,E) is a labeling of vertices and edges of G in such a way that for
any two different edges av and u'v' their weights f(u) + f(uv) + /(u) and

f(u') + f(u'v') + f(v') are distinct. The total edge inegularity strength res(G)

is defined as the minimum & for which the graph G has an edge irregular
total &-labeling. In this paper, we study the total edge irregularity strength for
tadpole T(n, t), n > 3, t > l, armed crown (C,, O P,,,), for n > 3, m > 1, split
graph of cycle and split graph of a path.
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1 Introduction

All the graphs considered in this paperare simple,finite and undirected. In Ill
Bata et.al. introduced the notion of an edge irregular total k-labeling of a graph
G as a function Q : V U E --+ ].1,2,3,...,t) such that the edge weightswtq(uv) =
Q@) + Q@v) + QQ) are distinct for all edges. That is wt6(uv) + wto(utv') for every
pair of edges r.rv, u'y' € E. The minimum fr for which the graph G has an edge

irregular total k-labeling is called the total edge irregularity strength of G, denoted
by tes(G). Further Bata et.al. found a lower bound for the total edge irregularity
strength of any graph as

^ (lrlrrcrl+zl'l frA{Gr+lrlites(G)>*,r\l-l I , 11 (r)

*Corresponding author. E-mai[: jeyajeyanthi @rediffmail.com
tE-mail: sudhathanalakshmi@gmail.com

Utilitas Mathematica 109(2018), pp. 139-153



-t n^A.rile

.:

where A(C) is the maximum degree of G. In l13l tvanto and Jendrtci,posed thefoi Iolving coniecture:

L'onjecture 1.1. tl3l Let G be an arbitrary graph different/rotn Ks.Then

,.s(6) = ^.r{f'lotoJt. 
zt1,

lffi U: !;]l"i:.?:"::::jli'^t" l:li: :lte 
gorrca I prod uct or a cvc r e I r r, s t ron g

iilillillrI"^-^r:::.-1111::.-:,.r*vo paths o,.r_ lli,.*"s",,i,,,r#JJ;ii:lij
it.J,?iJ]l' fl:'i"f::,T' E-:f"','na po;" t'; i;[j;;i;;;;i; ;'J;il:T; I:
ii,l,X.l,i iJi*;Jliilll':*:'::1,,::'tllri*i,|rAilrx;;i! ,i,#'ili,'lxl,ili
ilii:::':lf ,;,,;ir: j::::. glafns,u iil qrri,'<'a;i;i ;r i;ir 1.::''i !T]:';
il:f :i1:::.1'il:,i3llll:l: !i1,1111.^s*r1i usilu,,i8,n, ffi,,;:;,'J';,1"rT;
lf | :^i:::i:,f rio ::::' :)l:, 

p''h: i, i r,; 1t it,- ";,"* ;;:;;;'"; ffi .;' lll;
::T::i.f1* U8l,categoricatproducrof o,ctea,rd patrr lrgl,andfbrsubdi'isiol
:lj:11 j1:ii: j* :T._".1,. 

<ie r e nn i re e r a; ; ;;;';i' ;; ffi i ;J;: iffi ; :];i
:I:i::: j::r:j:' : Ig' :),:.'.,,,, ^. 

r, u'',.J .''* a; ;;,, ;. ;".' l:';; I"isplit graph of cy,cle ancl splir graph oiparh a

f rarc) + rtl )t- t\| 2 ll (2)

Definition 1,2, An (tt,t)-t;iye,is ,z'iycle.of. length n wirh a t_edse pattr (the tait)attac'|rcd. n ane ttertex and ir is also"catteil napo,io f (u, O ", 
arrg"i ;W,i'."

Definition |.f,. The artned cro,wu_C, A pu, is a graplt in v,hic,h rlu path p,, isattaclrcd at each yerte.r of cvcle C,, bt uti eJge.'Th,,, ,1,, yertet s.et i;; V(C.,, oP) = 11t1, pi, : I 3 i < n, I s i s nr) ind rhe edge,set i.r E(C,o pn) =It';t'i,1,pi,,,vi.p',p',,,: I < l.s r], I _..1 < nt.-[l.vt,i.thirulicestake,ttrrL,eluktn.
When tn = I iliis'g;aplt is called ,u,, grnpn.

Delinition l.4,.The spLit graplt.spl(G) oJ^graph C i.r obtainecl by ad.ing a nctv,,i;r::;L,, eac:h verre.i v suclt that ,, i., idloirr.t to-ever.N verte.r tuhiclt is acljacenr

2, Main R.esults

Theorem ?J; tes(Tln,r)) = l-#.]. rr > 3, r > I

P^roctf. l-etv(T(n,t)) - [yr, I < i s nl ut u1, I < i< r] anclE(T(n,r))={uinit1, I <i <r-l}u{"u;v;.j, r,r,,, I SiSn, se {1,2,3,,..,,}}*'ith inclices raken rnodulo rt.r-.et k.= t+l Then from 1rl it rotows ihat. 
'

rarrT'(,r.i)) > f 
1!+4rcl= 

f 
,-4-:l 

='7, 
'

Topruverherct.crseincqr,laliiy,ii,.,!cfinertuncrir.rn./lrorn VuEro{1.2..1, .(}bv considering the foilt.trving ihr.. .or"r.
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Case (i): l;]+ t > t.

to,t={fil, il tsiszk-2
(l' i.f zk-r<i<n;

i"(1t) = k, I < I < r; .\'er;u;*)= r*3 - zk + i,
/(u,a1) = rz+3 - 2k, if s - n.
We o[ssy1.g 1l-161,

{z+i,
wtlvit,;,) = j.t + i,

[zr+ t, .

Ir, 
, ,1.., =r11.* .1. * here .s = n.. v)tluittftt)

Laseiil):iil+i=l
/(urt=frl,t<isn;

J(v;v -11 = {z 
* 
'- El- l+t

[rr+r-i;1.
Irrt;l=k, lsi <I, J\ttiu.t)=ri+3 - 2k+i,

/'.)'uj) = n+-3-t-lil, s e {1,2. 3, .,n}.
Wc observe that.

Jtr,v *,):'12* '- i;i- l?l
[/r+r-l]1,

/{r',rr1) =.tt*2.* l;l-t;], se {l ,2,3....,nt.
Strbcase (I ); rr is etcp and't < 2rt + g.

u,,/,,.,, ,_{z*i, i.f r <r<ri_,r.y,\yt,t-,, _lr*2, 
if i=n;

N't(t'.r1)=I13, s e11,2,3,...,n\: wt(u1u4)= n*3+i, I < iSt-lC.rse(iii): l+l+ r.t'l 
his casj contains tbur suhcases:

/rrr=f1l .1ti<n..

i.f t3i<2k-2
i.fzk-l<j<rr-l

lslsr-t;

if t<i<2k_2
il 2k-i5iSn-1
'if i=n;

=nt3+r, l< i<t_1.

if l<i<n*1
if i=n:

I<i<r- l;

i.f l<i<n-l
if i=n;

l1t

\r
I

\
j

It
I

i,
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rr,);=tE' if t<i<k
[k. i/ k+t<i<t;

{t"i, iI t<isk- l
ftuit1*t)=iEl if i=k

ln+3-Zk+i, iI k+1 <t<r- I.\-
We otrserve that,

, 
v,t(t,ivi*r) = 

{:,:,;, 
,,ru ,,1 

,:,,, 
, _ ,

ln+3+i. if ts.t<4.-t
wt(uiul*1t= jrr+(+3. if i=k

(l+,i+i. i.f k+I<j<r-I
trt(u,11) = n* 3, s e (1,2, 3,....4),
Sulrcase (2)t rr is even ancj t > Zn + 8,

.f(r,;)=t. l<l<rr:

r(rt,tt,-,, = t'- [ll- l*l-', .i/ t s i <2k-z
l.3-2k+,, i.f q<- 1<t<r_ l;

"f(r,iui*r) = t -t 2 - 2k + i, il l < i < n;,f(u"r.rr) = l<, .s € ll,2,3,. . ., n|.
Weobservethat,Nrl(u;r'i.1) = r+2+i, t 1i< n.; n,t(r,.u1) =2k+
{t,2,.1,...,nir

. l'l*l , if t<i<zk-2
l(tt;)={r't

tk, i.f 2k-l<i<r.,

l, s e

rvt(u,ui-1:={?*' 'l('.1 '' tJ

Subcase (3): n is odd and t <2n + ll.

(+, ir
J\u;\ = < .

[ 
[k' iI

' 
l(rr;rr1*,) - {el.

[n+3-24-+r,

l<i<2k-?
2k-l si<t-1.

1<isl<+l
l,L)z;zr.

if t<i<'k
if i=k+l
if k+2<i<t-1.
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|E-

r{e obsen,e lhat,

(z+i.
tvl(viyi+t) = <

Itt + 2,

.1r,,,1 = {f.tf if
lk, tJ

if l<isn-,1
if i=n;

ln+t+i.
trt(uiu;-ti = 

Jrr 
+ A. + 4.

[rr+3+r,
)!'I(r'.rr) = rr * 3, .r e {1,2, 3, ..,n).
Subcase (4): z is odd and t > 2n + j l.

il
iJ
if

Jtu tt,. )= ,['- lll- f +l * i' i7

[3-2tr+l, tl

l<isk

,t+2< i<t-l;

<i<n;.f(r,ut) =4, se 11,2,3,,. ,nl.
t +2+ i, I < I .: ni wt(vru) = 2t + l, .r e,

lsi<2k-2
2k-t sist;

/(r',)=t, lsi<n;

l si<2k-2
2k-)<i<r-l:

J(v;t,1,,) = I *2 * 2k + i, if 1

lVe obsenc that, N r(r',u;-1) -
u.2,3,...,n|;

I

il tsi<2k-2
if 2k- 1<i <r-l

Frorn the above Lhree cases the r.veights of thc erlges of r(n, l) under the labeling
I constiture the ser {3.4,.i,... ,n + r + 2} and the function./ is a mapping lrorn
l1('l'(n,r)1u E('t(n,/)) into {1,2,3,...,ft}. The total labeling / has the requireci
properties of an edge irregular total labe[ing. Therel'ore r.r,e havc rus(T(n.rli < l.
This crtrnpletes thc prool. D

An cdge irregular torar labeling of r'(8, l) and r(g,.1) are gir.en in Irigurc l
.rnd Figrrrc 2 rcspccrir ell.

(t -;
u'l(rt,u;r1f = {l '.'

||.1 + I,

r.l3

I
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Figure 1: tes(T'(8, l)) = 4

I

Figure ?: tes('l-(8,4)) = 5
',i

Lemrna 2.2. tes(C,.o Pr) = lqrl ..lbr n > 3.

Proo1. $le dellne a total labeling / by consiclering the litllow'ing four cascs:

Case(i):n=3.
f(otl=f@l*l?3t) =3. /(r'i)=./(r,z)= l. /(vr) =2, JQtrt,t)=2,
f @;rz) = f(p3,4) = 3, /(r,r v2) = f(v2vj) = l, /(r,r vs) -2,
Case (ii): n=4.

f(pl)= fbl)=/fpi) = lQll =4, f(u)= l0) = l, ./(vr) =2, lQi =3,
t(pt,vS = i.1vp) = /(u1ua) - IQzt'i = t,.fQiv) =Z..f(plmt = f(plvr1 =
f (4va) - 3.

Case (iii): n=5.

f(p)) = f@l) = f@fi = f@l = f(.pl =./(r'4) = 4,f\v) =.f(vt) = 1,,/(v:) =
2, /(v-5) = l. !

l'(nf v1) = fQp) = /(i,1r,s) = f\zv) = 1,l?1d =.f 6iv) = /(pf r,.5) '2, ' 
.

f Q1,va1 - f(rtri - /(uar.'"5) = 4. :"

t14
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.lase(iv);a>6,
rctr =lr#l
l(p',)=k, l<i<n,

{r
ltvtt = 

lt<.
(^'

if lsi<k-2
tJ t - K -.1 . l =,
iJ k<iSn-t;

\\'c ohsorye that

f{v;r';*.,1 -

:f(t'ip') =

rt,t(r,1u;, 
1 ) :

I,

t,
5

2n+2-k-i,

i"f I sist-3
if i=11 *2
;l;-1..J I - K _ I

if ksi<n*2
iJ i=y1-1
iJ i=n;

4,

!,

t;
],-t++,
( .r,

i.f 1<i<k*2
if i=P-1 |

if ksi<n_1
iJ i=n,

if lsisk-2
.: iJ i-n

iJ i=71-1
if i=P-1

+k-i, iJ ksi<n_2:
l+i, iJ lsi<k_l

+1, iJ i=n
k+4 i-f k<i<n-l

li*-ti'-'
lk+1.
\zt + z,

lzk 
+ 3,

lZn+2

(t, *
\ to ipit) = lzk

[i*
f:rorn the above four cases.the w,eights ol.the edges ,rf C, O p1 under rhc labcling/ constitute the set {3,,1,.5,...,2; + 2l ancl,ii-iun.rion / is a mappi'g t^;rrr\/((.),,o Pt)u E(C,,epr ) into {1,2,3, .,tf. rr*,"iat labeling /has the requiredproperties of an edge irregular toral.labeling.Ttrr*fur* r.ve hAve tes(Cnepi S k.l-loivcvcr by (t) res(C,. o pr) z i,g!t"l = l+l = k, rhar is !es(C,,o pr) > k.This complctcs thu prrrof r -1 I I -1 I -

tr
FisLrrc .l shorls an edgc irregular roral Inbeling ol C16 o p1 

.
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Figure 3: tes(Cro O Pr) = 8

'I'heonem 73. tes(C,, o P,,) = i*+U']"f()r n t' z"n )-3

Proof. LatO = |.4ry*]. Thcn frorn (l) it fbllows that,

res(C,,eP,,,) > []g?l3l = l*t*l = t; that is tes(C,,oP'') > l"lb prove

the'reverse inequLtitj', n'i,l.lin. i t'unl'lion / from li U E into {l'2'3'' '"t} b'v

considering the follorving three cases.

Case (i) tn = 2, rt 2 3,

l@i,)=l,f(p)=iI<iSn'
ili,,)=1, tsi<n; f(pi,pi)= l,l< i<n', flp\vi1= l. lslSrt
/(u;r'111)=i. I<i<rt.
Case (ii) nt = 3, n > 3.

raiJ='r, rtp,',\=i, t<i1n, f(p\t= ltl*,: l<ic,i
,f(ri)=ir, l sisn', f@i1n7)= t,l< istx', fQzp\)=n+l -[l.l' '<i<n:
J'Qip?=Zrt+l -O-l;l +i, 1sl<"r; /(r'1vi-1) =3n+2-2k+i' 1<i<tt'
Casc(iii) m>4,n>3.
f@iS=t, frpr) = l, I<i <n,

lir,l=t, t<i<,r,.f(t'il)=r,1< i<n; l@'pl.) ='l +i' l<l<rrl
f i,vivpl1 = nttl +2(l - k) + l, I 

-< 
i.-< it'

l116
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For I < I < n, 3 < 7 < rzrsuch that

For I <rr,3

ttpi,) = {L+1,, it L*), = 
t"" ' lA, i1 ll)rt> *

3j<nt-lsuchthat

I;igure 4: Armed crcrl,n graph (C-j O pj) rvith ler:(C3 O l,:) = .5

Theorern 2.4, te.s(spl(.C,,)) = I + n. n >13

Proo.i. Let spl(C,,) be the splitgraph of C,, rvirh V(spl(C,,)) = {},,. rr,, I < i S rr}
irnd lr(ipl(c/r)) = {r';rr1*11 r./rr/i+i, !;r./;a1, I < t < nl rvith indices taken moclulo n.

it l4ln < k' Lt l
i1 ll)rt >' *

ll:lln < t
LiJ

L?),,, O

f(n,...v,\ _ ttr, - l)n+2- t<-ll)n + i, iJ
J \ t ilr't) * \

l(nr 
_ t)r + 2(l _ ,t) + l, i.f 

,

\r'ic observL: lhat. l,t(qv;*1') = ttrn. + 2 + i, I < i < rr.
x,t(1t',p',,1)=(y- I)a+2+r, lS1<n, i< j<m_1,
nt(.p',,,t,;) - n(m - l) + 2+i, I < i < rr,
l--rom the above three oases rhe rveights of the edges ol (Ct,Op/,r) under the labeling
,lcOnsrirurctheser{3,4,-5,...,n(n+l)+2} anJrhefunction f isarnappingfrom
V(,.CraPn1)aE(Cnap,Jinto{1,2,3,...,t}.Therotal labelirigTnastf.,er.qri*O
propertics ol an edge irregular total labeljag. Therefore rve have res(C nO p,,) < 1r.'Ihis cornpletes the proof'. 

a
An edge irregular rotal Iabeling of C3 O p3 is given in Figure 4.

1735
pi pi ", p\ !1

.s331
"' r,i ti t'i
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We define a total labeling / by' considering the follorving two cases.
Case (i): n is even.
Forl<l<n;

^ (l*n, i/ iisodd
J(v1l = I

{i. tJ t ts even'.

- I+. if iisodct
t(u,\ = I '

I I + n. if i is even'.

. (+. iJ i is ottd
J\v1v;-1) = { ,'_,

ta' tJ t ts even"

" (t, ifiisodd
J(u;ri'1it = \

l\r. tJ tts(t'en.

(i. if i isodd

f(viui*t, =lt, if iiseven,2<i<n-2
[+. if i= n

We observe that,for I < i < n,

wt(uiv;t1) =

wt(v;u1*1) -

wt(viv;*1)=n+2+i.
Case (ii): n is odd.
Forl<l<n;

"/(u,) =

f(u)=

[+
lr.

flvivi*r) = jn*r
l)'

t+

i is odd

i is even',

i is odd

i is evenl

1i<n-)

if i is odd

if i is even,

iisodd,l<i<n-2
i=n
i=n-1
iiseven,Z<i<n-3,

('t -; ;t

\2n+2+i. il

{2n+2+i. if
\z*i, il

lt * n. iJ i is otld.l
t."
\n, tf t=tt

[l tJ'iisevett.

,,,

if
iJ
if
if

148
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We observe that,

l','* ,
11u1vi*t) = 

| 1,

[, *,,

{i' if
It*i. if

ftviui-,,=1,, i"f

[r' ir

[1:.,, if iisodd,t<i<n-2
lf if i=n

vrt\u;v1,11 = lZn+2+ i. iJ i is even.i. [+.l

lzir+.r--,. if i is evett.,t l;] .2 < i < tr- 3
I

[3rr*2. iJ i=n-1.

(z+i'
ln*z'

wt(v,u,-,\ = Il2n+2+it---"
[2n+3-r.

if iisodd.l<i<n-2
if i=n,n-1

. r- ltJ t ts even,, . [i,]
iJ i is even.l - 

I ;l . 2 s i( n -.1:

i is odd, , .l;1
i is ocld,i.l|),1 < i < n -2
i=tt
iiseven,Z<i<n-1.

if ii.severr-2<i<n-l
if i=n
if i i.s ocld.l < [*ll')
if i is odd. i > l:l .l < i < tr -2'.

wt(vivi+t) = n * 2 + i, I < i < n.

From the above two cases, the weights of the edges of spl(C") under the la-

beling / constitute the set 13,4,5,...,3n+2}and the function / is a mapping
fromV(spl(C,))u E(spXC,)) into {.1,2,3,...,1 + nl. The total labeling / has

the required properties of an edge irregular total labeling. Therefore we have

tes(spl(C,)) < I + n. However by (1), tes(spl(CnD - llg?Lzl =lryl= 1 + n,

that is ,er(spl(C^)) > I + r. This completes the proof. tr

Figure 5 and Figure 6 show an edge irregular total labeling of spl(C16) and

spl(C).
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Figure 5: tes(spL(Crc)) = \l
I

Figure 6: tes(s pl(C)1 = $

Theorem 2.5. tes(spl(Pr)) = n, for n > 2

Proof.LetV(spL(P,))-lvi,ui, l<i<nlandE(spl(P,,))={r;v;*1 ,uivi+t,rr1u;*1, l(
i < n - I ). We deflne a total labeling / by considering the follorving two cases.
Case (i): rr is odd.
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rr,,, = {r,i, 
,r, ,,,i!,!;rr=r, 

,=!, _ ,,

(n, if i is ocld.l < i< n
f(utl = lr. i'f i is eve:n z< i < n- i.

Forl< i<n-1. J'(v1u1*1,=lil J(u,r',-1, =[?.l *11f. ftrr,.1)=r.
We observe that,

wt(vpi*1)= {1- [lJ; if iis odd' 1 < i < rt-2
[zrr+l;l if iiseten: 2<i < rt-t'.

(zr+l+1+l+1. iI iisodd. t <i <n-2
wt\uivi-t) - \ -t '- t -t: I' lz*lfl.lil iJ iiseven'.2<i<n-l

wt(viv;a1) = n* I +1, I < i < n - 1.

Case (ii): n is even.

,,,,, = 
{,1, 

,!r,,,,,,21,!,;,tr=r, 

,=="n,,

(n. if iisodcl. l<r<n-l
/tttit = 

1, ,1 , ,, ,*n z-< i < ,,:

For I < i < n* t, f(viu;*11= [;.l , f(u;vi*) = [f l. [*.],
We observe that,

f2+[+.l, if iisoclct. l<t<n-l
wtlviui-1)-I Il'.

lrr*lil. if iiseren.2<i<n-2.

(zr*[+l*[+l if iisoctd. l<i <n-l
wilU1vi+ r) = ir\-*l?l-l+l,t i iset.en. t < i <rt-2.

wt(viui1)=n*l +i, I < i<n-1.
From the above trvo cases, the weights of the edges of spl(P,) under the labeling

/ constitute the set {3,4,5,...,3n - l} and the function / is a mapping from
V(spl(P,)) r: E(spl(P,)) into {1,2,3, . . ., n}. The total labeling / has the required
properties of an edge irregular total labeling. Therefore rve have tes(spL(P,,)) < n.

Horvever by (1), tes(spt(P,)) - [%9)!.l = [\L*l = n, that is tes(spl(P,)) >

n. This completes the proof. u

Figure 7 and Figure 8 show, an edge irregular total labeling of spl(Pe) and
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spl(Prc) respectively.

Figure 7: tes(spl(Pe)) = )

Figure 8: res(spl(P1e); = lQ
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