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Abstract

An edge irregular total k-labeling f: VU E — {1,2,3,...,k} of a graph
G = (V,E) is a labeling of vertices and edges of G in such a way that for
any two different edges uv and «’v’ their weights f(u) + f(uv) + f(v) and
f'y+ f(u'v') + f(v') are distinct. The total edge irregularity strength tes(G)
is defined as the minimum & for which the graph G has an edge irregular
total k-labeling. In this paper, we study the total edge irregularity strength for
tadpole T(n,t),n > 3,¢ > 1, armed crown (C, @ P,,), forn > 3, m > 1, split
graph of cycle and split graph of a path.
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1 Introduction

All the graphs considered in this paper are simple, finite and undirected. In [11]
Baca et.al. introduced the notion of an edge irregular total £-labeling of a graph
G asafunctiong : VUE — {1,2,3,...,k} such that the edge weightswiy(uv) =
o(u) + d(uv) + ¢(v) are distinct for all edges. That is wes(uv) # we,(u'v') for every
pair of edges uv,u’v’ € E. The minimum k for which the graph G has an edge
irregular total k-labeling is called the total edge irregularity strength of G, denoted
by tes(G). Further Baca et.al. found a lower bound for the total edge irregularity
strength of any graph as
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tes(G) = max{ [
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STESS =1 MAataile

where A(C) is the maximum degree of G [ [13] Tvanée and Jendral, posed the
following conjecture:

Conjecture 1.1. [13] Let G be an arbitrary graph different from Ks. Then
(G| +2 A
tes((7) = ma.r{ !-t'ft('o,j A )-||. F )y UI}

2
Conjecture (1.1) has been verified for the categorical product of a cycle [1],strong
product |2, categorical product of two paths £, %P, |3] categorical product of two
cycles|4], strong product of cyeles and paths(3] disjoint union of prisms and ¢y-
cles|6], zigrag graphs|7].hexagonal gridﬁgryphs[ﬁJ.gcrgcrq'!izcd prism [9] loroidal
fullerene| 10], large dense graphs with ﬂ—‘%"—zz < L‘ﬂ'ili [12], wees [13], com-
plete praphs [ 14], complete bipartite araphs |15, digjoint union of wheel graphs
116], cartesian product of two paths P, x P, [17], carona produet of a path with
certain graphs [ 18], categorical product of cycle and path [19], and for subdivision
of star [20].In this paper, we determine exact values of the toral edge irregularity
strength for tadpole T(n.1), n> 3. ¢t > I, armed crown (C, & Podinz23 m> 1,
split graph of cycle and split graph of path. i

(2}

Definition 1.2, Ay (n,t)-kite is a ’f'_\-‘cfe af length n with a t-edge path (the tail)
attached to one vertex and it is also called radpole T(n, 1) or dragofh graph.

[

Definition 1.3. The armed crown C, & P, is g graph i which the path Py, i
attached at each vertex of eyele C, by an edge. Thus the vertex set iy V{C,
)= i Bl Ei2nl = [ = m} and the edge set is EC,a P,)
ViV, ,f;l;',,*»n-.,n_‘fp‘“J o fdgm 1€ 5% - Uk with indices taken module ».
Whenm = | this graph is called sun graph,

@

Definition 1.4. The eplir graph splG) of a graph G is obrained by adding a new
vertex v' 1o each vertex v such that o i adjacent 1o everv verier which is adjacent
o vin .

2 Main Results

Theorem 2.0, tes(T(n,1)) = [%42], 23 (5 1,

3

Proof. Let V(T(n. 1)) = vl sisnjulu lsi< 1) and
ET0) = {uptey, 1 <igy~1) U v, van, 1 Sisn, s€{1,2,3,... i
with indices taken modulo . Let Kz “;;2] . Then From (1) it follows that.

LY x

tesT(n, 1) > [ TR o a2 _
To prove the reverse mmequality, we define d function flrom VUE w{l,2.3,. ., k)
by considering the following three cases.




Case (i): Ir’—i [+ [ =k

=2k-2
&, if 2k-l=si=<n
2+E—H]—P§].Lf15152k—2
FOva) =03 47 =2k if2k=1<igsn-1
" .
J'(I’E'}— L

if i=n;,
il i Sy =n+3 =24 + 4 Isiger—1;
ju.m}—nﬂ-‘a—'}k ifs=n
We observe that,

240, Ifl=igH-7
wivan, ) =¢34, if2k=1=igp=]
28+ 1;~0f {2

Case (ii): [ 2]

wilvgey ) = 0+ 3, where 5 = o Wt e
[3(*+1=4&

w)=n+34+i 1 gigi— 1,
[ ]
f.u.-,}:[i R el o
: { i1 J -2
2+f—[; ~[—-] f 1 €igsn—-1 !
Sl = Gl S
n+1—|§ i =y
fley=% I'sizg Flugnge |J-n*3-—"k+r e S
JWdnl=med—k — 14 eel o ety
We shserve that
(240, if 1 <icn
wi{wivi ) = ot
n+2, if i
wHvelty) = n+ 3, sefl2.5 1} wr(u,-u”|)=n+3+:_1~:e<:—] ]
Case (iii): |r,,]+ b '
F'his case contains four subcases
[ .
rf'J—'; LS
i ¥ o i s . _-
Fouis I]_.Z-f-t—’? —{%T flgisn=1
if (R 55 i _'f'g :

§F e
flrn) = n+2- 8] ~[5], se1,2,3..

i s
Subease (1): nisevenandr < 21+ 8.
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el

7

flu) = {k.

if I=isk
if k+l=i=syg

I+, iigink=)
Jlrvl:alu."i-l ) = i‘;‘-j, |I_Jr- =k
ne3—2kal if knlgigi—L,

We ahserve that,

) 244, iflgizgn—]
We(Viviyy) = S
n+2, if i=ua
n+3+i f l€i<k-]
Wil )= qn+k+3. if i =k

a3+,

wi(ve ) =n+3, s€{1,2,3, ....1h
Subcase (2): nisevenand: > 2n + 8,

|

It

Fug) X

Tonli=dndl s fadln

:_p

|
i

LU o)

-
- 2%

b w}-\.

flittey ) = r

Flvpa )=t 42 -2k + |, ifl gism
We observe that, wi{vay. )
(2530, amde

= 424

: 244;
Wttt ) =4 _

Foll

Subease (3): nisoddandt < 20+ 11,

i:-__'-‘,
Jtg) = {k:

{
ies
T

f( Hillig) ) =

H+3 =28+

4],

Flver) =

ifk+l1igst—1;

Tille T ol R
if =1 <ist

sefli2.3
My Mty )

il

if 1sis28-12
if 2k-lgigr=1

if 1<i<hk+1

if k+2<iz<h

if lsigk
ifi=h+1
if k+2<igi=-1.
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Ve observe that,

244 J"f|£|"£u—ll

WY, by ) = L5
n+2, ifi=n

wed+d, if leisk
Wit ) = yn+ k+4, (f i=k+|
n+3+i ifk+2<i<r=-1;
witran t=n+3, se{l,2.3, ..., nt.
Subease (4): nisoddand r = 2n+ 11, -

s [4]. ir 1sis2-2
T if Zk-1<i<e

)=k sf=m

Flugiepe) = {2_ L‘L-‘ - (L;_]_ Hiy i L E1E2%-2

324+, if 2k=-l<isi-1;
Sl =t +2=2k+10, if 1 sisnm flvug) =k se e R

We observe that, wi(vivia)) = 1+ 244, | </ < n wilvete) = 2k + 1, & e
e SO |

W i)

240, if 15ig%=2
344 if Zk-teigi-1.

From the above three cases the weights of the edges of T'(n, t) under the labeling
! constitute the set {3.4,5, .., 2 + 1 + 2} and the function Jis a mapping from
ViT(n ) U E(T(n,0) into {1,2,3,... 4. The total labeling f has the required
properties of an edge irregular total labeling. Therefore we have tes(Tin, ) < b
This completes the proof, o

An edge irregular total labeling of T(8,1) and T(8,4) are given in Figure |
and Figure 2 respectively,
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Figure | aes(T(8, 1)) =4
1

L
1
12 2 3 = 4 -
5 5 5 o
]
Figure 2: res(T(8,4)) =5
Lemma 2.2. tes(C, & P) = ’-—rﬁ—'.‘ Jorn=3.
Proof. We define a total labeling f by considering the following four cases
Case (i): n= 3.
fpy) = f(py }—;w )=3, fiv)=f0n) =1, flvs) =2, f(pjvi) =2
"(plw‘p-f(plvﬂ-'% Flnva) = flvavs) = f{1|11J—2 -
Case (i) =4,
|) = f(p,) = f(p}) = fpD) =4, fln) = fn) =1, fla) =2, flu) =3,
fppw) = flviw) = fQoyw) = flaw) = 1, f(pim) = 2, f(pivs) = f(piva) =
,,"(ln gy =3,
Case (iii): n=3. i
J’lp| = flpD) = f(p]) = f(pD) = Jlp}) = fOa) = 4. fn) = flva) = |, flw) =
2. ftusd=3, ;
J’.[le vid = flnws) = flvvs) = flvam) = 1, fiphe) = f(pva) = flpvs) = 2,
fl’p‘]‘vﬁ} = flrwg) = flvavs) =4




case(iv); i > 6
| 2w

Let k = [22:2]

HE =% lsizh

L if |l gsiglb=2
_)Irf.l’lj)= K‘—Z. E}f:k—l,f:;;

K, ifk<izsn-|;
i fFl2ick-3
I, if i=f—2
5 if i=k-]
f".v."a'nil) = 3 f x
2n+2 k-, ifhgigsn-2
4, ift=n—|
2 If i=n;
& if lgigk-2
- if i=k-|
(vp) =
L i—k+d, ifh<igp-]
3, if i=n ,
We observe (hat,
i+ 2, if l=jgk—9
k+1, 8 =4
Wivivg) = ¢ 26+ 2, if i=pn=]
2k +3, if i=k=1

2n+ 24 k- ifhgisn-2:

R+l 40, if l<isk—
WHvipy) =42k + 1, ifi=n

i+tk+4 if ksi<sp-1
From the above four cases the weights of the edges of C, & P, under the labeling
J constitute the ser (3425 c00s 2l 4 2} and the function fisa mapping from
VC, e POUER, & Aino{1,2,3,. .., k). The total labeling £ has the required
properties of an edge irregular toal labeling. Therefore we have tes(C, 0 P)) < £.
fhwwmbyunnmyepua[@%ﬂ]=[%#]:h[mnmmm;ePnzk.
This campletes the proaf. : o

Figure 3 shows an edge irregular total labeling of Cyp & Py,
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Figu:’c 3: t{:'b'{fm = P1} = 8

Theorem 23, 1ey(C, 0 P, = [L-;lql——-] form=z2.123

Proof. LeLk = [’—'-'i'-’:—?] Then from (1) it follows that,

tes(C, @ Py) 2 ['F‘G”*ﬂ = [l 1 = k= that is tes(Cy @ Pp) 2 k. To prove
the reverse inequality, we deline a function F from VU E into H.?,a ..... &} by
considering the following three cases.

Case (i) m=2, n> 3,

flipp =1 flpg) =il =t=n

fly=k 1 gigm fipippd=1.01s1<m fipyvi=1,1<isn

flvpvg) =i, 1 €10

Case (ii) m=3, n=23.

fpD =1, fphy=is I gign, fpy)= 5’3]+ L 1 2ign

flp) =k 1gign f{pipl_ =l.lgign fipypp=n+l —[%| I sigm
Foupy =2+ 1 —k-[8]#i | giem fovn) =3ns2-2ksi Lsisn
Case (iit) m=4, nz 3

fipiy=1, .?‘lp)-—I]-f-IC.'] A

fy =k, Lgign j[plp y=ilgism flppl) = VaasizihZh £0m

Flvgi ) =+ 21 =+ 1 <iEn




torl =i <n, 3 <j<msueh that
. '[‘%'Jn, if & n<k
_JPU-?‘} = : . _2]
! K, if |4 k.

Forl<i<an 3<j<m=1suchthat

1

- | T = A i 5 i L) <
Jlt S (/=1 [2 Jn (5]n+ L I 3| ne<ik
e (= Dn+2(1 =&y +4, if [ S n=k
sy AT (r:—t—lm+2~-k—l’"2—'r-Ju+{, if ”'i' <k
ARl = = n+201 = k) + 4, if |2 n =k

We observe that, wilyviy) = mn + 2 + Lol Zigs
wiplpl d= - Dn+2+4 1 gsi<n, |« fEm=|,
wipavd =nfm =11 +2+4, | <i<n,

From the above three cases the weights of the edges of (C,&P,,) under the labeling
fconstitute the set (3, 4,5, ..., n(m+ | )+ 2} and the function fisa mapping from
VG e PUEC, B8P, ) into{1,2,3..... k}. The total labeling / has the required
properties of an edge irregular total labeling. Therefore we have tes(Ch@Py) < k.
This completes the proof. ]

An edge irregular total labeling of C3 © Py is given in Figure 4.

I p

| 2 2 3 2 I
I 2 3 3 5 3 3 i
.'Tf Iﬁi HO ¥ ) p—: ln;_f b I‘

Figore 40 Armed erown graph (Cy @ Py) with tes(Cya P3) =5

Theorem 2.4, es(sphCoy =1 + 0, 0 >3

Zi2n

FProof. et spl(C.,,) be the split graph of C,, with Vispl(C,)) = [v,, u;. |
and LEspl(Co0) = [vivier, Wvien, vy, | <0 € n} with indices tken modulo .
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We define a total labeling f by considering the following two cases.

Case (i): niseven.
Forl <i<mn;

Fop) = {l T

2
1+i
f(ul = 2’
I +n,
14
f(viVH]): i
2 ]

_—

l?

fuyip) = {

if iisodd
if iiseven;
if iisodd
if iiseven,
if iisodd
if iiseven;
if iisodd

if iiseven,

i, if iisodd

Jiui) =41,
2
We observe that,for 1 <i < n,

2+,

WHUVip1) = {

WHVili1) =

( v {2 + 1,
wt(vivip ) =n+2+ 1.

Case (ii): nis odd.

Forl <i<n;

2n+2+1i,

2n+2+1,

if iiseven,2<i<n-2

m2o f j=np.

if iisodd
if iiseven,
if iisodd

if iiseven;

l+n, ifiisodd,1 <i<n-2
fv) =4n, if i=n
%, if iiseven,
Fa) = %, if iisodd
' l+n, if iiseven,
L ifiisodd, 1 <i<n-2
1, ifi=n
Vivisl) =
f(11+1) n_42~3’ ifi‘:l’l—]
2+i
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L, if iiseven,2<i<n-3;




1,

if iisodd,1 <i<n-2

l+n, ifi=n n-1
Swivigy) = S T
, 1f11seven,t<%1
I+i, if iiseveniz|3|,2<i<n-3;
i, if iisodd, i< M
L+i, if iisodd,i>]4],1<i<n-2
Jiniyy) = S
I, if i=n
1, if iiseven,2<i<n-—1.
We observe that,
2+1, if iisodd, 1 <i<n-2
5n+5 A
e if i=n
wt(uivip1) =42n+2+1i, if iiseven, i< %
2n+3+1i, if iiseven, i>|5],2<i<n-3
3n+2, if i=n—1;
2 +1, if iiseven, 2<i<n-1
( ) n+2, if i=n
wH(viltiz1) = . P ;
e 2n+2 +1, zfzzsoda’,z<g
2n+3+i, ifiisodd, i>|5|,1<i<n-2,

wt(vivip ) =n+2+0, 1 <i<n

From the above two cases, the weights of the edges of spl/(C,) under the la-
beling f constitute the set {3,4,5,...,3n + 2} and the function f is a mapping
from V(spl(C,)) U E(spl(Cy)) into {1,2,3,...,1 + n}. The total labeling f has
the required properties of an edge irregular total labeling. Therefore we have
tes(spl(Cn)) < 1 + n. However by (1), tes(spl(C,)) 2 92 ] = [222] = | 4+,
that is tes(spl(C,)) > 1 + n. This completes the proof.

Figure 5 and Figure 6 show an edge irregular total labeling of sp/(C0) and
spl(Cs).
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Figure 6: tes(spl(Cs)) = 6

Theorem 2.5. tes(spl(P,)) = n, forn>?2

Proof. Let V(spl(Py,)) = {vi, u;, 1 <i < n}and E(spl(P,)) = {viVis1, Uiviet, Vilkicr, 1 <
i < n—1}. We define a total labeling f by considering the following two cases.
Case (i): nis odd.
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I, ifiisodd,1<i<n
fv) = Co ,
n, if iiseven,2<i<n-1;

n, if iisodd,1<i<n
f(u,')Z X .. .
l, if iiseven,2<i<n-1.

For | <isn—1, foumn) =[1], fawi) = [22]+[5], fowiD =i
We observe that,

, if iisodd, 1 <i<n-2

-I, if iiseven, 2<i<n-1;

+

_ 2n+["—-2] [4]. if iisodd, 1<i<n-2
wt(u,-v,-+1)_{2+[n_£_221+‘-;” if iiseven; 2<i<n-1

wt(Vildiy1) =

wtlvivip)=n+1+i, 1 <i<n-1.
Case (ii): niseven.

1, ifiisodd, 1<i<n-1
n, if iiseven, 2 <i<mn;

f(Vi)={

n, ifiisodd, 1<i<n-1
fluw) = S o

1, if iiseven, 2<i<mn,
Forl<i<n-1, fiui) = [ﬂ, fuwiyy) = ’—"—;z%‘[%w,
We observe that,

_[2+[4]. ifiisodd 1<i<n-1
ot 1) = {2n+f{l, if iiseven,2<i<n-2;
]

: +|'%-I if iisodd, 1 <i<n-1
2+[ﬂ‘l+[%] if iiseven, 1 <i<n-2;

wHuviey) = {

wt(viig1)) =n+1+i, 1 <i<n-1.

From the above two cases, the weights of the edges of spl(P,) under the labeling
f constitute the set {3,4,5,...,3n — 1} and the function f is a mapping from
V(spl(Pyp)) U E(spl(Py)) into {1,2,3,..., n}. The total labeling f has the required
properties of an edge irregular total labeling. Therefore we have tes(spl(P,)) < n.
However by (1), tes(spl(P,)) 2 [E922] = [3022] = . that is tes(spl(P,)) >
n. This completes the proof. O

Figure 7 and Figure 8 show an edge irregular total labeling of sp/(Pg) and
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spl(Po) respectively.

Figure 8: tes(spl(P1p)) = 10
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